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W
hat m

akes a problem
 easy or difficult? 

 
     A

 goal of C
ognitively G

uided Instruction is that young children becom
e 

independent problem
 solvers w

ho are able to approach and solve w
ord problem

s 
w

ithout having to rely on having a teacher tell them
 how

 to do it.  H
ow

ever, a 
num

ber of factors influence w
hether a problem

 is appropriate for a child to solve 
independently.  U

nderstanding these factors helps the teacher decide w
hich w

ord 
problem

s to use during instruction. These factors include the follow
ing: 

 

If the Problem
 Involves a Situation 

That the C
hild C

an A
ct O

ut  
 

     A
 problem

 that can be acted out is easier for a child to solve than one that cannot be acted out. 
For exam

ple, the first of the follow
ing tw

o problem
s is easier.  H

ere the child can actually pretend 
that s/he is giving straw

berries away.  The second problem
 is m

ore difficult because it  requires 
m

ore thought to m
ake sense of the question being asked. 

  
 

SR
U

 (A
ction D

irect):   
       

    G
randfather had 8 straw

berries.  H
e ga ve 3 of them

 to G
randm

other.  
        

    H
ow

 m
any straw

berries does G
randfather have now

? 
  

 
SR

U
 (A

ction Indirect):  
 

    G
randfather gave 3 straw

berries to G
randm

other. H
e had 8 straw

berries.  
 

    H
ow

 m
any straw

berries does G
randfather have now

? 
 

 
 

 
 

If the C
hild is A

ble to M
odel the Problem

  
w

ith C
ounters or D

raw
ing 

 
     W

hen the quantities given in a problem
 refer to a com

plete set of physical 
objects or am

ounts, the problem
 can be m

odeled directly. W
hen a w

ord problem
 

can be directly m
odeled, that is, represented in som

e concrete w
ay on fingers, w

ith 
tally m

arks, draw
ings, or by m

anipulating counters, the problem
 is easier.  The first 

of the follow
ing tw

o problem
s is easier because the w

ording guides the child’s 
m

odeling. W
hen m

odeling this problem
 w

ith counters, a young child m
ight choose 

to  set out the tw
o quantities, lining them

 up side by side, and then m
atch them

 to 
determ

ine the difference. Solving the second problem
 relies on the child’s ability to 

m
entally determ

ine the relationship betw
een quantities w

ithin the problem
. 

 
 

 
 

 
C

D
U

 direct m
odeling situation:   

     
     G

randfather has 8 straw
berries. G

randm
other has 5 straw

berries.  
 

     H
ow

 m
any m

ore straw
berries does G

randfather have?   
  

 
C

R
U

 situation that requires ability to analyze:  
     

     G
randm

other has 5 straw
berries. She has 3 few

er straw
berries 

 
     than G

randfather.  H
ow

 m
any straw

berries does G
randfather have? 
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M

ultiplication and division problem
s can be m

odeled.  
T

herefore, young children can m
ultiply and divide intuitively 

 
     V

ery young children can solve low
 num

ber m
ultiplication and division problem

s 
because such problem

s can be easily m
odeled. H

ow
ever, it is im

portant that 
children first solve m

any problem
s involving joining and separating situations. 

These experiences w
ill allow

 them
 to develop the ability to think about num

erical 
quantities w

ithin the context of w
ords and to m

ake sense of the question being 
asked. 

 
 

 
 

M
ultiplication problem

: 
 

     G
randm

other has 4 piles of straw
berries. There are 3 straw

berries  
 

     in each pile.  H
ow

 m
any straw

berries does G
randm

other have? 
  

 
M

easurem
ent D

ivision problem
: 

 
     G

randm
other gave 12 straw

berries to som
e children. She gave  

 
     each child 3 straw

berries.  H
ow

 m
any children got straw

berries?
 

  
 

Partitive D
ivision problem

: 
 

 
     If G

randfather shares12 straw
berries w

ith 3 friends,  
 

 
     how

 m
any straw

berries w
ill each friend get? 

  
If a problem

 can be m
odeled or acted out in the 

order in w
hich it is heard, it is easier. 

 
     W

hen first learning to solve w
ord problem

s, young children approach them
 in 

the order in w
hich they hear them

.  They do not begin at the end of the problem
 and 

w
ork backw

ard.  The ability to use inverse thinking develops after children have 
had m

any experiences w
ith solving problem

s and have developed an understanding 
of the relationships am

ong the num
bers w

ithin a problem
 - they understand that 

com
bined parts m

ake up the total.  For this reason, the first of the follow
ing tw

o 
problem

s is easier.  The w
ording encourages the child to set out five counters and 

then add eight m
ore.  H

ow
ever, the second problem

 does not provide a beginning 
num

ber.  The child w
ho has not yet developed the ability to relate a part of a 

quantity to the total quantity w
ill respond to the second question w

ith, “Som
e . 

G
randm

other had som
e straw

berries.”  
  

Joining problem
 that can be solved in the w

ord order given:  
         

      G
randm

other had 5 straw
berries. G

randfather gave her 8 m
ore.  

                         H
ow

 m
any straw

berries does G
randm

other have now
? 

 
 

Joining problem
 that cannot be solved in the order given:   

      Grandm
other had som

e strawberries.  G
randfather gave her 8 m

ore.   
       Then she had 13 strawberries.   
       How

 m
any strawberries did Grandm

other have before Grandfather gave her any? 
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T

he L
ocation of the U

nknow
n Influences  

the Problem
 D

ifficulty  
 

     B
ecause young children solve problem

s in the order that they hear them
, 

problem
s that are w

orded in such a w
ay so that the unknow

n quantity is located at 
the end (first exam

ple below
) are easier to solve. Problem

s w
ith the m

issing 
quantity in the m

iddle (second exam
ple below

) or at the beginning (third exam
ple 

below
) are m

ore difficult.  
 

     A
s the child’s understanding of quantity and relationships am

ong quantities 
develops, s/he becom

es able to m
ake sense of the entire question, represent the 

situation, and plan a solution.  W
hen a child is able to do these steps s/he w

ill not 
need to use m

anipulatives.  R
ather, the child w

ill use his or her ow
n unique w

ay of 
m

entally m
anipulating quantities. 

  
 

SR
U

 location of unknow
n at end of problem

: (8 - 3 = __) 
 

     G
randm

other had 8 straw
berries.  She gave 3 to G

randfather.  
 

     H
ow

 m
any straw

berries does G
randm

other have now
? 

  
 

SC
U

 location of unknow
n in m

iddle of problem
:  (8 - __ = 5) 

 
      G

randfather had 8 straw
berries.  H

e gave som
e to G

randm
other.  N

ow
 he has 5 

 
      straw

berries. H
ow

 m
any straw

berries did G
randfather give to Grandm

other? 
  

 
SSU

 location of unknow
n at start of problem

:  (__ - 3 = 5) 
 

     G
randfather had som

e straw
berries. H

e gave 3 straw
berries to G

randm
other.  

 
 

     Then he had 5 straw
berries left. H

ow
 m

any straw
berries did G

randfather  
 

     have before sharing w
ith G

randm
other? 

 
C

hildren’s Intuitive Solution Strategies 
      
     Extensive research has docum

ented the developm
ental thinking processes that 

children go through w
hen learning to solve w

ord problem
s (C

arpenter et al., 1992).  
It is im

portant to em
phasize that these processes are intuitive, ones that are not 

taught to the student by a teacher.   
 

        To effectively prom
ote the developm

ent of m
athem

atical reasoning w
ithout 

usurping the student’s intuitive thinking, a teacher m
ust clearly understand the 

relationships am
ong the different types of w

ord problem
s (discussed in the previous 

sections) and the developm
ental stages of children’s thinking.  D

etailed descriptions 
of how

 children’s solutions vary depending on their developm
ental ability are 

provided in the follow
ing sections. 
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R

elating Solution Strategies to the 
D

evelopm
ental Stages of M

athem
atical R

easoning
 

      
     The follow

ing w
ord problem

s are used to dem
onstrate how

 children at different 
developm

ental levels w
ill use different strategies w

hen solving the sam
e problem

s.  
The strategy that the child uses indicates the child’s stage or level of developm

ent. 
 

 
Join: R

esult U
nknow

n (JR
U

) 
     Separating: R

esult U
nknow

n (SR
U

) 
 

 
 

G
randfather had 6 straw

berries.  
 

          G
randm

other had 11  
 

G
randm

other gave him
 5 m

ore.  
          straw

berries. She gave 5 to G
randfather. 

 
H

ow
 m

any straw
berries does   

          H
ow

 m
any straw

berries does 
 

G
randfather have now

?   
 

 
          G

randm
other have now

?           
    

 
 

D
evelopm

ental L
evel I 

D
irect M

odeling 
 

     A
 child using a D

irect M
odeling strategy represents each num

ber in the problem
  

w
ith concrete objects. In the follow

ing exam
ples, the child solves the Join R

esult 
U

nknow
n (JR

U
) and the Separate R

esult U
nknow

n (SR
U

) problem
 given above by 

m
odeling w

ith counters. 
   

 
               C

hild’s  Solution to JR
U

 
 

              C
hild’s  Solution to SR

U
  

 
“G

randfather had 6 straw
berries.   

                    “G
randm

other had 11 
straw

berries.   
O

ne, tw
o, three, four, five, six.” 

         O
ne, tw

o, three, four, five, six, seven 
 

(The child sets our 6 counters.)      
         eight, nine, ten, eleven.” 

  
“G

randm
other gave him

 five 
          

         (C
hild sets out 11 counters.) 

 
M

ore.  O
ne, tw

o, four, five.” 
 

         “She gave 5 to G
randfather.  O

ne, tw
o,   

(C
hild sets out 5 counters and                        Three, four, five.” (C

hild counts out 
    then pushes both sets together and                and rem

oves 5 counters from
 the 

    counts all of the counters.)                            group of 11 and counts the rem
aining 

            “N
ow

 he has 11 straw
berries.”                       counters.)  “N

ow
 she has. . . one, tw

o,  
 

 
 

 
 

three, four, five, six.  She has six.” 
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D
evelopm

ental L
evel II 

C
ounting O

n/B
ack 

 
     A

 child using a C
ounting O

n/B
ack strategy is able to hold a num

ber in her/his 
m

ind and count on or back from
 that num

ber w
hile keeping track of the quantity that 

is added or subtracted using fingers, tally m
arks, or counters. 

      A
 child at this level is able to im

m
ediately recognize groups such as the am

ount 
m

odeled on his/her fingers w
ithout having to recount the fingers.  In the follow

ing 
exam

ples the child solves the Join R
esult U

nknow
n (JR

U
) and Separate R

esult 
U

nknow
n (SR

U
) problem

s (problem
s given above)) using counting strategies. 

  
 C

hild’s Solution to JR
U

                                     C
hild’s  Solution to SR

U
  

 
 

          “I don’t have to count the six again.                    “I know
 G

randm
other  

          I just have to add five to it.                                   had eleven straw
berries. 

          I say, ‘Seven, eight,                                              I know
 she gave five aw

ay. 
          nine, ten, eleven’.” (C

hild holds                          So, I count five dow
n.  

          up a finger w
ith each count.)                               ‘Eleven, ten, nine, eight,  

          “I have eleven.”  
  

 
 

 
    seven.’ I have six left.” 

 
 

 
 

 
 

 
 

 
    (C

hild folds a finger  
                                                                                         dow

n w
ith each count.) 

   
  

D
evelopm

ental L
evel III 

D
eriving  

      A
 child possessing good num

ber sense is able to solve problem
s in flexible w

ays, 
often breaking num

bers dow
n and recom

bining them
 by using know

n facts.  This 
child frequently visualizes the quantities and solves the problem

 w
ith m

ental m
ath. 

    C
hild’s Solution to JR

U
 (A

bove) 
 

C
hild’s Solution to SR

U
 (A

bove) 
 

“I know
 that five and five is ten. 

                           “I know
 that ten take aw

ay five is five, 
I took one from

 the six to m
ake five.                        but I started w

ith eleven.  The answ
er m

ust  
B

ut I m
ust add the one back on. 

                            be one m
ore. It’s six.” 

It’s eleven.”  
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M
atching Solution Strategies to Problem

 T
ypes

 
      The problem

 solving decisions that a child m
akes w

hen solving a problem
 are 

determ
ined by the problem

 situation posed to the child.  Each of the 14 different 
problem

 types requires different reasoning processes.  Exam
ples of these processes 

at each developm
ental level are provided in this section.  

 
L

evel I 
D

irect M
odeling Strategies 

 
 

      A
t the D

irect M
odeling level, the child concretely represents (using counters, 

fingers, tally m
arks, draw

ings) all num
erical quantities w

ithin the problem
.  B

elow
 

are exam
ples of problem

s w
ith direct m

odeling solutions. 
 

JR
U

 Problem
 

 
 

G
randfather had 3 straw

berries.  G
randm

other gave him
 5 m

ore. H
ow

 m
any  

 
straw

berries does G
randfather have now

? 
 

 
Solution: Joins-A

ll 
The child constructs (w

ith m
anipulatives or draw

ing) a set of three objects 
and a set of five objects. The child pushes the sets together and the union 
of the tw

o com
bined sets is counted. 

 

JC
U

 Problem
 

G
randm

other has 5 straw
berries. G

randfather gave her som
e m

ore straw
berries.  

N
ow

 G
randm

other has 8 straw
berries.  

H
ow

 m
any straw

berries did G
randfather give her? 

 
Solution: Joins-T

o  
The child constructs (w

ith m
anipulatives or draw

ing) a set of three objects. 
O

bjects are added to this set until there is a total of eight objects.  
The child counts the num

ber of objects that w
ere added to find  

the answ
er.  

 
SR

U
 Problem

 
 

 
G

randfather had 8 straw
berries.  H

e gave 3 to G
randm

other.  
H

ow
 m

any straw
berries does G

randfather have now
? 

 
Solution: Separates-From

  
The child constructs  (w

ith m
anipilatives or draw

ings) a set of a set of eight 
objects.  Three objects are rem

oved.  The answ
er is the num

ber of rem
aining 

objects. 
 

SC
U

 Problem
 

G
randm

other had 8 straw
berries.  She gave som

e to G
randfather.  

N
ow

 G
randm

other has 3 straw
berries.  

H
ow

 m
any straw

berries did she give to G
randfather? 
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Solution: Joins-T

o  
A

 set of eight objects is counted out.  O
bjects are rem

oved from
 the set until 

the num
ber of objects rem

aining is equal to three.  The answ
er is the num

ber 
of objects rem

oved. 
 C

D
U

 Problem
 

G
randfather has 3 straw

berries.  G
randm

other has 5 straw
berries.  

H
ow

 m
any m

ore straw
berries does G

randm
other have than G

randfather? 
 

 
Solution: M

atches  
 A

 set of three objects and a set of eight objects are m
atched one to one until 

one set is used up.  The answ
er is the num

ber of unm
atched objects 

rem
aining in the larger set. 

 JSU
 Problem

 
 

G
randm

other had som
e straw

berries.   G
randfather gave him

 3 m
ore.  

N
ow

 he has 8 straw
berries.  

H
ow

 m
any straw

berries did G
randm

other have to start w
ith? 

 
Solution: T

rial-and-E
rror  

A
 set of objects is constructed.  A

 set of three objects is added to or 
rem

oved, and the resulting set is counted.  If the final count is eight, then 
the num

ber of objects in the initial set is the answ
er.  If it is not right, then a 

different initial set is tried. 
 

L
evel II 

C
ounting O

n/B
ack Strategies 

 
     A

t the C
ounting O

n/B
ack level, the child does not have to represent all 

quantities in the problem
 concretely.  S/he has learned that a num

ber nam
es a 

quantity, that is, that a num
ber can be stated rather than represented concretely.  

These strategies w
ill develop intuitively over tim

e.  If a child is not able to m
ake 

sense of counting strategies, the child is not developm
entally ready to use them

 and 
needs m

ore experience m
odeling solutions. 

 JR
U

 Problem
 

 
 

G
randfather had 3 straw

berries.  G
randm

other gave him
 5 m

ore straw
berries.  

H
ow

 m
any straw

berries does G
randfather have now

? 
 

Solution: C
ounts-O

n-From
-First N

um
ber H

eard 
 

The child begins w
ith 3 (the first num

ber in the problem
 and c ontinues on  

 
for 5 m

ore counts (keeping track of counts w
ith m

anipulatives, tallies,  
 

or fingers).   The answ
er is the last num

ber in the counting sequence. 
 

JR
U

 Problem
 

G
randfather had 3 straw

berries.  G
randm

other gave him
 5 m

ore straw
berries.  

H
ow

 m
any straw

berries does G
randfather have now

? 
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Solution: C
ounts-O

n-From
-L

arger 
The child begins w

ith 5 (the larger quantity and continues on for 3 m
ore 

counts (keeping track of counts w
ith m

anipulatives, tallies,  
 or fingers.  The answ

er is the last num
ber in the counting sequence. 

 JC
U

 Problem
 

G
randm

other had 3 straw
berries.  G

randfather gave her som
e m

ore  
straw

berries. N
ow

 G
randm

other has 8 straw
berries.  

H
ow

 m
any straw

berries did G
randfather give her? 

 
 

Solution: C
ounts-O

n-T
o 

The child uses a forw
ard counting sequence starting from

 3 and continues 
until 8 is reached (keeping track on fingers or tally m

arks).  The answ
er is 

the num
ber of counting w

ords in the sequence. 
 

SR
U

 Problem
 

G
randfather had 8 straw

berries.  H
e gave 3 to G

randm
other. 

H
ow

 m
any straw

berries does G
randfather have now

? 
 Solution: C

ounts-D
ow

n  
The child uses a backw

ard counting sequence starting from
 eight.  The 

sequence continues for three counts . . . eight, seven, six . . .  the answ
er is 

the next num
ber. 

 SC
U

 Problem
 

G
randm

other had 8 straw
berries.  She gave som

e to G
randfather.  

N
ow

 she has 3 straw
berries.  H

ow
 m

any straw
berries did she give to G

randfather? 
 

Solution: C
ounts D

ow
n T

o  
The child uses a backw

ard counting sequence starting w
ith 8 and continues 

until 3 is reached, “8, 7, 6, 5, 4 . . . ” The answ
er is the total of num

ber 
w

ords in the counting sequence, not including the num
ber w

ord three. 
 

L
evel III 

D
eriving Strategies 

 
 

     A
t this level, the child understands relationships betw

een num
bers.  S/he  

solves problem
s using num

ber facts and derived facts (com
bines fam

iliar quantities  
w

hen a specific fact is not at the recall level). A
n exam

ple of a child using a derived  
fact w

ould be, “I know
 that nine plus four is thirteen because nine and one is ten  

and three m
ore is thirteen.”
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Solution Strategies Sum
m

ary 
 

 
     W

hen children begin to solve problem
s intuitively, they concretely represent the 

relationships in the problem
.  O

ver tim
e, concrete strategies are abstracted to 

counting strategies, and eventually, as num
ber facts are learned, children apply this 

know
ledge to solve problem

s.  This developm
ental approach differs from

 the 
practice of rote drill for m

em
orization of facts.  C

hildren in drill/skill classroom
s 

often are able to recite facts but lack understanding that a fact represents a 
relationship betw

een quantities; they lack m
athem

atical reasoning in relation to 
num

ber sense.  C
hildren w

ho have been allow
ed to progress through the stages of 

m
athem

atical reasoning described in this m
anual develop both num

ber sense and 
m

athem
atical reasoning.  

   
SY

M
B

O
L

IC
 PR

O
C

E
D

U
R

E
S 

 
     M

uch of w
hat has been discussed to this point has focused on children’s inform

al 
or intuitive problem

-solving strategies. Such strategies are often very different from
 

the standard sym
bolic procedures typically taught in the elem

entary school. Standard 
procedures provide pow

erful problem
-solving tools; how

ever, a concern is that m
any 

children m
erely m

em
orize them

. They never develop an understanding of the 
relationships am

ong num
bers w

ithin procedures.  W
hen allow

ed to progress through 
the stages described in the preceding section, a child w

ill develop the habit of 
looking for num

erical relationships. W
hen introduced to the standard procedure, this 

child w
ill understand the num

erical relationships and w
ill view

 the procedure sim
ply 

as another strategy for solving problem
s.   
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R
esource Inform

ation 
                               

To sche dule a C
ognitively G

uided Instruction  
 

w
orkshop, please contact: 

 
 

D
r . Judith H

ankes  
 

 
U

n iversity of W
isconsin O

shkosh 
 

 
C

ur riculum
 and Instruction 

 
 

O
shk osh, W

I 54901 
 

 
(920)  424-7254 

 
 

hankes @
uw

osh.edu 
 

A
 text describing C

G
I, C

hildren’s M
athem

atics: C
ognitively G

uided Instruction , 
is available through the H

einem
ann w

eb site: http://w
w

w
.heinem

ann.com
 

C
G

I w
eb sites: 

B
log: http://m

indsongm
ath.blogspot.com

/ 
http://w

w
w

.m
indsongm

ath.com
/

http://w
w

w
.abacon.com

/ie/berk/w
lp452a.htm
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